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Abstract

A family of orthonormal polynomials on the unit ball B? of RY with respect to the inner product

(f.8)= /B Al - I12) £ OTAL — [1x13)g ()] dx,

where A is the Laplace operator, is constructed explicitly.
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1. Introduction

In a recent study on the numerical solution of the nonlinear Poisson equation —Au = f (-, u)
on the unit disk with zero boundary conditions, Atkinson and Hansen [2] asked the question of
finding an explicit orthogonal basis for the inner product defined by

1
=+ [ AL =2 = 57 G5, 9IAL = 2 = ), ) dy

on the unit disk B> of the Euclidean plane, where A is the usual Laplace operator. The purpose
of this note is to provide an answer for this question.
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We shall consider more generally the analogous inner product on the unit ball B¢ in R?. We call
orthogonal polynomials with respect to such an inner product Sobolev orthogonal polynomials.
In the theory of orthogonal polynomials of one variable, the name Sobolev is associated with
polynomials that are orthogonal with respect to an inner product defined using both functions and
their derivatives; see, for example, [4] and the references therein. As far as we know, Sobolev
orthogonal polynomials have not been studied in the case of several variables.

Our main result, given in Section 2, is a family of orthonormal polynomials with respect to
(-, -)a on B9 that are constructed using spherical harmonics and Jacobi polynomials in Section 2.
For d = 1, orthogonal polynomials with respect to this inner product have been studied recently
in [5]. The explicit formula can be used to study further properties of the orthogonal basis. In
particular, it turns out that the orthogonal expansion of a function f in this basis can be computed
without involving the derivatives of f. This will be discussed in Section 3.

2. Sobolev orthogonal polynomials

For x € R?, let ||x| denote the usual Euclidean norm of x. The unit ball in R? is B¢ := {x :
x| <1}. Its surface is ! := {x : ||x|| = 1}. The volume of B? and the surface area of §¢~!
are denoted by vol(B¢) and wy_1, respectively,

vol(BY) = wg_1/d and wq_; = 27%?/T(d/2).

LetIT¢ = R[x, ... , x4] be the ring of polynomials in d variables and let l'[z denote the subspace
of polynomials of total degree at most n. We consider the inner product defined on the polynomial
space by

1
(f.8)A = ol (BT /B (AL - 1 11%) £ OTALCL — [1x %) g (x) ] dx.

The constants are chosen so that (1, 1)o = 1. As pointed out in [2], the inner product is well
defined and positive definite on IT¢. Let V,f (A) denote the space of orthogonal polynomials of
degree n which are orthogonal to all polynomials of lower degree with respect to { f, g) a. It follows
from the general theory of orthogonal polynomials in several variables [3] that the dimension of
V,‘f(A) is ("Zi;l). If {P,} is a basis of V,f(A) and (Py, Pg)p = 0 whenever o # B, it is called
a mutually orthogonal basis. If, in addition, P, is normalized so that (P, Py)Ao = 1, the basis
is called orthonormal. Our objective in this section is to find an explicit orthonormal basis for
VA(A).

The presence of the Laplace operator suggests that we make use of harmonic polynomials,
which are homogeneous polynomials that satisfy the equation AP = 0. Let ’Hz denote the space
of harmonic polynomials of degree n. It is well known that

dimH? = (n;f;l) - <n;’1—f13) = 0y.

The restriction of ¥ € ’Hff on §9~! are called spherical harmonics. They are orthogonal on §9~!.
We will use the spherical polar coordinates x = rx’ forx € IRd, r>0,andx’ € S9! ForY ¢ HZ
we use the notation Y (x) to denote the harmonic polynomials and use Y (x”) to denote the spherical
harmonics. This agrees with x = rx’ since Y is a homogeneous polynomial, Y (x) = r"Y (x’).

Throughout this paper, we use the notation {Y]' : 1<v<,} to denote an orthonormal basis
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for "Hj{, that is,

f Y Y () do(x") = 0uvdpm: 1<, v<an, .1
Dg—1 Jgd-1

where d stands for the surface measure on S?~!. In terms of the spherical polar coordinates,
x=rx',r>0and x’ € N _1, the Laplace operator can be written as

2

0 d—10 1
A= —+ ——+ Ao, 2.2
or? + ro or + 7270 2.2)
where A is the spherical Laplacian on $¢~!. It is well-known that
AY(x") = —n(n+d —2)Y ('), Y e ’HZ, x' e sl (2.3)

The spherical harmonics have been used to construct orthogonal polynomials on the unit ball.
For later use, let us mention an orthogonal basis with respect to the inner product

(fs 8lu=cp de J@)gx)Wy(x)dx, Wyu(x) = (1 = [lx[[)*,

where u > —1 and ¢, is the normalization constant of W,,. Let VfLI(W#) denote the space of
orthogonal polynomials of degree n that are orthogonal to all polynomials of smaller degree
based on using {f, g),. A mutually orthogonal basis for V,,(W,,) is given by [3]

_pj4pd=2 iy
Pl Wix) =P - Y 0, 0<i<n/2, 24

where P;“’ﬁ ) denotes the Jacobi polynomial of degree j, which is orthogonal with respect to

(1—x)*(1+x)Pon[=1,1],and (Y7 : 1 <j<on_2j} is a basis for H,‘f_zj.
In view of (2.4) we will look for a basis with respect to ( f, g) A in the form of
—2j ; —2j
0" () =q;QlxI> - DYy ), 0<2j<n, v eHl,, 2.5)
where ¢g; is a polynomial of degree j in one variable.

Lemma 2.1. Let Q;l',v be defined as above. Then
Al = 151105, )] =4 (Fpay) @ = DY (o),
where p=n —2j + 4=% and
(Tpaps) = (=g} () + (B =1 = (B+3)94}(s) = B+ ;).

Proof. Using spherical-polar coordinates, we can use (2.3) for the spherical part of A, then the
radial part of A in (2.2) gives, after a tedious calculation, that

Al =151 05, ] =A [ =g @ = Dy 0|
=472 [4r2(1 = rA)gf@r? — 1)
+2((B+ 1 = (B+3)rP)qj@r? = 1)
— B+ g = D] (),

Setting s — 2r% — 1 gives the stated result. [
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Lemma 2.2. Let pf eIl = H,]( be orthogonal with respect to the inner product

1
(fr9)p = / TDOTO ) s, .

B

Then the polynomials Q;f’v in(2.5)withq; = P > where P = k+(d —2)/2, form a mutually

orthogonal basis for V,‘f (A).
Proof. It is easy to see that (f, g)p is indeed a positive definite inner product on the space of

polynomials of one variables, so that the orthogonal polynomials with respect to (f, g) s exist (see
Lemma 2.3 below). Using the formula

1
/ f(x)dx:/ rd_lf frx'ydox")dr,
B4 0 sd=1

the definition of Q’}’v and (2.1) shows immediately that

(Qfy: Oy y)A =0y yOp—2jw—2j
1 1d+2 .
(1—2j)—142 N2 2
“ad ), TN T, )2 = D(Tp, 450 (2r7 = D dr.

In the nonzero case we have ﬁn—zj' = ﬁn/—zj’- Thus, a change of variable r — /(1 + 5)/2 shows
that

/ 1
(. Q% yia= 5v,v’5n72j,n/72j/m(cﬁ’ a4, ;- (2.6)

which proves the stated result. [

B .
We note that q§ "~% should be understood as one member (of degree /) in the orthogonal family
.an j

{q k Y }-

Lemma 2.3. The polynomials pf defined by
2, ;
=1 ple=a-9pP>P ). j>1
are orthogonal with respect to the inner product (f, g) -
Proof. We need the following property of the Jacobi polynomials [6, p. 71],

=P Ps) = G+ DPH e - PP )], @7

Syt

The Jacobi polynomial

P j(l_{} ) satisfies a differential equation

(1= +(=1+B=C+P)Y +(G - DG +p+1Dy=0.
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Using these two facts, we easily deduce that
2j+p+1

[ =9P2P 0] = G+07P P 0= TP P s)

= G+ [ (=G=DGHB+D =B+ P 6)]
—i[iG+B+2 =B+ PP o)
=—jG+D[G+PPP -G+ PP (9)].
We need yet another formula of Jacobi polynomials [1, p. 782, (22.7.18)],
@i+ B+ PP =G+ p+ PP ) — G+ HPDs) 2.38)

which implies immediately that

Tyl =9rP o] =2jG+nP P ). 2.9)

Hence, for j, j' > 1, we conclude that
1
@ ohp= [ J[a-orPe]gp[a-orhe]a vl
1
=4j(+1Jj'(G + 1)/ POP PP )1+ )P ds =0 (2.10)
-1

whenever j # j’. Furthermore, for j > 1, we have
1
L. 0,
Wy ==2iG+ 0@+ [ PP+ a5 =0

since (Tppl)(s) = (Tp1) = —(B+1). D

As a consequence of the above lemmas, we have found a mutually orthogonal basis with respect
to (-, )a.

Theorem 2.4. A mutually orthogonal basis for V,‘f (A) is given by
04 ,(x) = Y] (x),

@n—2j+452)
") = —[x|I)P 2

iy ..n
o @l = Dy, 1< <5, (2.11)

2

—2j . .
where {Yf,l T1<v< 0n—2j} is an orthonormal basis of'Hffizj. Furthermore,

_2n+d

<Q8,V’ Qg’v>A - d ) <Q7’v7 Q’}’v)A

82+ 1)?
S dn+dJ2)’

(2.12)

Proof. The fact that 0 | € VZ(A) follows from Lemmas 2.2 and 2.3. To compute the norm of
0g., we use the fact that

AL = x|V 2 ()] = —2dY" (x) — 4(x, V)Y = —2(d + 2n) V" (x) (2.13)
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by Euler’s formula on homogeneous polynomials, which shows that

@2n +d)? /‘ d—142 1 / _2n+d
n n — n d Yn
<Q0,V’ Q(),v)A d_ 0 r r_a)d o [ (.X)]

Furthermore, using Eqs. (2.6) and (2.10), we have

0o o 1 452(j + 1) pOB) }
(e ﬁ (pj, pj )/3 dZ—‘@/—II: (s )i| (1+S)ﬁ’ ds

N 8]2(1 +1D> 8P+ 1)’
CdB;+2j+1) dn+d/2)’

where we have used the well-known formula for the norm of the Jacobi polynomial (see, for
example, [6, p. 68]). U

The explicit formula of the basis (2.11) leads to the following interesting result, which relates
V,‘f (A) to orthogonal polynomials with respect to W (x) = (1 — x1)2.

Corollary 2.5. Forn>1,
Vi) =Hi @ (1= IxIHVE (Wa).
Proof. Using the basis (2.4) for V,‘f_l (W), it follows that we actually have

"0 = (= [Ix|P)PIZE (Wa; x) (2.14)

/lv

for j > 1, from which the stated result follows. [J

In the case of d = 2, an orthonormal basis for the space ’H,% is given by

Yi'(x,y) = \/> cosnf and Yj(x,y) = \/T"smnf)

in polar coordinates x = rcos 0, y = r sin 0. Hence, a mutually orthogonal basis for V,% (A) is
given by

00.1(x, y) =Y (x, ), 002 (x, y) = Y3 (x, y),
0" y) = (=22 = )P0 12y — Y @y, 1< <

0", y) = (1 —x? =y )P 2 42y - Y " (x,y), 1< <

which becomes an orthonormal basis upon dividing by the square root of the norm given by (2.12).
Without normalization, this gives

VI(A) = span{x,y},  V3(A) = span{x? — y?, xy, 1 —x? — y},
V3(A) = span{x® — 3xy?, 3y% — x%y, x(1 — x* — y), y(1 — x* — y?)},

for example.
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3. Expansions in Sobolev orthogonal polynomials

Let H2(B?) denote the space of functions for which ( f, f) is finite. This is not the L? space
on B since the definition of (-, -) A require that f has second-order derivatives. Nevertheless, the
standard Hilbert space theory shows that every f € H?(B9) can be expanded into a series in
Sobolev orthogonal polynomials. In other words,

HY B =)@Vl :  f=) poj, .
n=0 =

where proj, : H*(B%) = V4 (A) is the projection operator, which can be written in terms of the
orthonormal basis (2.11) as

proj, f(x)= Y H_lzf,vQ SO, = (A0 A 3.1)
0<j<n/2 v=0

where H; = ( / - erz 1A are independent of v as shown in (2.12). Let PA(x y) denote the

reproducing kernel of V,‘f (A). In terms of the orthonormal basis (2.11) in the previous section, the
reproducing kernel can be written as

PAx.y)= Y. Hj 1ZQ @0, ().

0<j<n/2

The projection operator can be written as an integral operator with PnA as its kernel, which means
that

proj, f(x) = (f, PA(x, ))a
_ 1 . 2 . 2\ pA
= 3ol BT /B AL = VI FOIAL = 117 P e, ) dy.,

where A is applied on y variable.
It turns out that the orthogonal expansion can be computed without involving derivatives of f.

Theorem 3.1. For j>1,let f; =n —2j + (d —2)/2; then

o> 8jG+ 1D
j,v=m [(ﬂ, + DB +j+ 1)/ f(0) 0}, (x)dx

1 n— / /
—3 / FONYEH () doly )} ; (3.2)
Sdfl

furthermore, for j = 0,
-~ d +2n 1
J

n

0.v dwd

Y)H N FGN doly).

Proof. By (2.4), Pﬁv(Wo, x) = P( b QlxN?* - 1)Yf72j(x). Let j>1. By Lemma 2.1 and
(2.9),

AL = 13103, (0] = 87 + D P, (Wo: x).
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Applying Green’s identity

0 0
(uAv — vAu) dx = f <—vu - —uv> dw
gd—1 \ On on

with v(x) = (1 — ||x||?) f(x) and u = Q’/’.ﬂ shows then

= 8j(j+1)
=

B4

A[A= KD 0] Py (Woi ) dx

4d? vol(B?) Jp
2j(G+ 1D
= d2 VOl(Bd) |:/ (1 - ”x” )f(-x)A 7, V(WO’ x) dx
-2 / Y ) F () dw:|, (3.3)
Sdfl

where we have used the fact that P;O’ﬂ ) (1)=1.LetoP 0.8 denote the derivative of PO, Using
(2.2) and (2.3), it is easy to see that

ALP! (Wo; x)] =8 |:2r262P;0’ﬁj)(2r2 -
ﬂ ) 2 n 2j
+(n—2j +d/20P"" @22 — 1) x).

Letus denote the expression in the square bracket by M ;. The Jacobi polynomial P ;O’ﬁ ) (s) satisfies
the differential equation

(1 =52y = (=B + B+25)y +j( +p+Dy=0.
Hence, changing variable 2> — 1 — s, we conclude that

©.8)) a. ﬂ,+1>

200 =M = —j( +B;+ DP; () + 3G+ B+ DA + )P

On the other hand, using (2.8), (2.7), [6, (4.5.5)], and the fact that [1, p. 782]

(s).

2j+p+ D +s)pj€1_»f+1>( )= 2(j +ﬁ)P( ﬁ’(s)+2JP“ ﬂ)(s)
we conclude that
B;+Ji+DB;+ )
2j+pj+1

1
=SB+ i+ DB+ DA -9P )

21 = r)M; = [ P 5y + G+ P! ﬁf()}

= (B +j+ DB+ HA—AP @2~ 1),
Consequently, we have proved that
(1= [ IP)ALP] (Wi )] = 4(B; + j + D(B; + (A — AP 2 = 1y )
—4(B; + j+ DB, + HOL, ()

which leads to the stated result for j > 1 by (3.3). The proof of j = 0 is similar but easier, in
which we need to use (2.13). O
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Let us denote by P,(W; x, y) the reproducing kernel of V,‘f (W), which can be written as
Pa(Wysx.y) = Y Ay Pu(Wyi ) Py(Wys y),
|ot|=n

where Ay, = ¢y de [P, (W y)]ZWu(y) dy in which ¢/, is the normalization of W,,. Let us also

denote by C,f'(t) the Gegenbauer polynomial of degree n, and by x - y the usual dot product of
d
x,y e R%.

Corollary 3.2. For f € H*(B) and x € B?,

proj, f(x) =Y, f(x) + (1 = [|x| )W/ FO)Paa(Wai ., y) (1= [yl dy
(2,n72]+%) P
+d/2 P/ @llx]” = 1)
G 4/)(1—||x||2) Y Yooa; f(0),
1<j<n/2 P 27

where with x' = x/||x|| € §¢71,

m4+(d—2)/2 =2

_ m / 2 v /
Yo f(x) = x|l /S#lf(y) d—2)2 Cp” (x-y)do(y).

Proof. The values of H; = ( ] v Q’} ) A are given in (2.12). It follows immediately that

On On

Xy Bt = 5 — [ SO RO det) = T,
v=1
where the last step follows from the summation formula of spherical harmonics,
all
/ n+d-12)/2
Zyn(x)Yﬂl(y)ZHXHnZYvn(x () = ||X||HW ( y)

v=1 v=l1
for x’, y € S4~1. Furthermore, setting f = Q with j > 1 in (3.2) also shows

8j(j +1) , . )
j= szOI(Bd) (ﬁ/ +.])(ﬂj +] + 1) /Bd[Qj’V(x)]zdx'

Hence, it follows from (3.2) and (2.12) that

T Jpa FOMQ () dy _n+d/2 1
PR [l @ DOPPdy 2+ D) wa—y s
The relation (2.14) readily shows that

FONYIH (Y do). (3.4)

1
[ienopay =5 (4)wiehe [ o nEwoas. (335)

We multiply (3.4) by Q"} | (x) and sum over vand;. Using (3.5) and the fact that P (2 n-2j+4g

j(j + 1)/2, the stated result follows from (3.2) and (3.1). O

"y =

It follows from this corollary that the orthogonal expansion of f with respect to (-, -) A coincides
with the spherical harmonic expansion of f when restricted on §7~!.
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